
Effect of Diffusional Limitations on 
Lineweawer-Burk Plots for Immobilized 
Enzymes 

Lineweaver-Burk plats of reaction rate data obtained with immobilized 
enzymes need not be liqear even when intrinsic enzyme kinetics follow the 
simple Michaelis-Menten rate expression. Theoretical calculations show that 
mass transfer effects mqy cause curvature which is concave or convex to 
the abscissa, depending upon experimental conditions. Consequently, graph- 
ical procedures commonly employed for analysis of soluble enzyme kinetics 
may yield misleading regults when applied to immobilized enzymes. Three 
approaches which follow from the behavior of numerical and asymptotic 
solutions to the problem are proposed for extraction of intrinsic kinetic in- 
formation. 
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Practical application of enzymatic catalysis often re- 
quires that enzymes be immobilized, thereby permitting 
recovery and continuops use. It is important that the 
kinetics of immobilized enzymes be well understood to 
facilitate their economic utilization. In particular, it is 
necessary to account for the effect of diffusional limitations 
and to develop procedures which permit extraction of 
intrinsic kinetic parameters from observed reaction rates. 

Native enzymes in sdution typically follow hyperbolic 
Michaelis-Menten kinetics, Equation (l), which are for- 
mally analogous to Langmuir-Hinshelwood kinetics in 
heterogeneous catalysis. Graphical analysis of kinetic data 
is commonly carried out on transformed coordinates such 
as a Lineweaver-Burk plot of reciprocal reaction rate 
versus reciprocal substrate concentration. This serves to 
linearize the data so that the maximum reaction rate and 
the Michaelis constant qan be evaluated directly from the 
intercept and slope. The same approach is often used with 
immobilized enzymes, but little attention has been paid 
to the precise physical meaning of the parameters so de- 
termined. Nonlinear Lineweaver-Burk plots have been re- 

ported in several experimental studies with enzymes im- 
mobilized in porous supports (Lilly and Sharp, 1968; Kay 
and Lilly, 1970; Bunting and Laidler, 1972); in all cases, 
the enzymes in solution gave Michaelis-Menten kinetics. I t  
is unclear whether the curvature observed with immobil- 
ized enzymes stems from diffusional limitations, from 
changes in intrinsic enzyme kinetics after immobilization, 
or from other factors. 

In this paper we examine through theoretical analysis 
the effect of diffusional limitations on the observed ki- 
netics of immobilized enzymes. Of particular interest i s  the 
behavior of Lineweaver-Burk plots and the extraction of 
intrinsic kinetic parameters when diffusional effects are 
large. The problem considered is substrate diffusion in a 
homogeneous porous support in the form of a one-dimen- 
sional slab or membrane in which an enzyme that cata- 
lyzes a reaction following irreversible Michaelis-Menten 
kinetics is uniformly immobilized. Both internal and ex- 
ternal diflusional resistances are considered, and emphasis 
is placed upon the asymptotic solution which is valid when 
diffusional effects are important and the modified Thiele 
modulus is large. 

CONCLUSIONS A N  D SIGN IF ICANCE 
Lineweaver-Burk plots are calculated from the theo- 

retical analysis for several specific examples, and the re- 
sults are then generalized on dimensionless coordinates 
(Figures 4 and 5). NoQlinear behavior can occur when 
diffusional limitations are significant, and the shape of the 
curve depends upon the value of the Thiele modulus and 
the ratio of the Michael& constant to the surface substrate 
concentration. At relatipely low substrate concentrations, 
the Lineweaver-Burk plbt is asymptotic to a straight line, 
the slope of which is mpch steeper than that obtained in 
the absence of diffusional influences. With increasing sub- 
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strate concentration, the plot becomes concave with re- 
spect to the abscissa because of the influence of diffusion 
on the zero-order character of Michaelis-Menten kinetics, 
and the range of substrate concentrations over which this 
curvature is apparent increases with increasing Thiele 
modulus. At very high substrate concentration, the curve 
becomes convex because the effectiveness factor ap- 
proaches unity and the plot becomes asymptotic to the 
straight line corresponding to diffusion-free kinetics. The 
presence of an external diffusion resistance diminishes the 
concave curvature and increases the slope of the plot. 
These results indicate that considerable caution should be 
exercised in the use of Lineweaver-Burk plots with im- 
mobilized enzymes because indiscriminate use may lead 
to kinetic parameter estimates which have little or no 
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physical significance. 
Three approaches are proposed for determination of 

intrinsic kinetic parameters when diffusion effects are large 
and their relative merits are compared. All three require 

only reaction rate measurements made as a function of 
either surface or bulk substrate concentration and are thus 
particularly valuable when variation of support thickness 
is not feasible. 

We consider a porous matrix in the form of a one-dimen- 
sional slab or membrane of thickness L in which enzymatic 
activity is uniformly distributed. The intrinsic kinetics of 
the immobilized enzyme are assumed to follow the irre- 
versible Michaelis-Menten expression 

One surface of the membrane is impermeable to substrate 
and the other is maintained at a uniform concentration s,. 
It is assumed that substrate diffusion within the membrane 
can be represented by Fick's first law with a concentration- 
independent effective diffusivity Deff, that there are no 
interactions between the substrate and the porous support, 
and that V, and K, are the same for all immobilized 
enzyme. At steady state, a substrate mass balance over a 
differential volume element yields in dimensionless form 

where u = s/s, is a dimensionless substrate concentration, 
z = x / L  is a dimensionless distance, v = K J s s  is a de- 
mensionless Michaelis constant, and the modified Thiele 
modulus is defined by 

The boundary conditions are ,. 
I. u = l  at z = O  (4) 

(5) 
& 
dz 

11. - = O a t z = l  

SOLUTIONS FOR EFFECTIVENESS FACTOR 

The effectiveness factor T )  is defined as the observed 
rate of reaction in the membrane divided by that which 
would obtain if the substrate concentration was uniformly 
equal to its value at the surface: 

r )  is a function of +,,, and v. 
A problem equivalent to the one of interest here but 

cast in terms of analogous Langmuir-Hinshelwood kinetics 
was first treated numerically by Prater and Lago (1956) 
and by Chu and Hougen (1962), and subsequently in 
more general fashion by Roberts and Satterfield (1965), 
Krasuk and Smith (1965), and Schneider and Mitschka 
(1965). Atkinson and Daoud ( 1968) fitted these numeri- 
cal results with high accuracy to a single empirical func- 
tion by use of a least squares procedure. Related work 
dealing with more complex kinetic schemes and other 
geometries has been reviewed (Satterfield, 1970; Aris, 
1974). We have employed the numerical procedure of 
Roberts (1965) which involves selection of a value for 
a at z = 1 followed by a marching finite-difference inte- 
gration to solve for ss and 7. 

An approximate analytical solution is obtained if bound- 

IIa. a = O  at z = 1  (7)  

ary condition I1 is replaced by 

This corresponds to the case of large C$m where reaction is 
very rapid relative to diffusion and substrate does not 
penetrate far into the porous matrix. This notion was first 
employed by Zeldovich, as cited by Frank-Kamenetskii 
(1955), and has been discussed in depth by Bischoff 
( 1965) and Petersen (1965). The solution for effective- 
ness factor (Roberts and Satterfield, 1965; Bischoff, 1965) 
is given by 

T )  2: T )  = 9 ( 1  + V )  [Y-' - In( 1 + Y - I )  1'12 (8) 

where superscript tilde denotes that the solution is ob- 
tained with boundary condition IIa. Figure 1 shows the 
region of the C$m - v plane within which the asymptotic 
and numerical solutions agree to within 1%. Also plotted 
vs. v are the values of T )  along the border of that region. 

The asymptotic behavior of T )  led Bischoff (1965) to 
suggest use of a general modulus 

- 
4m 

1 
T 

m=- u (9)  

K 
ss 

Dimensionless Michaelis Constont,v=J 

Fig. 1. Values of ern and Y above which asymptotic solution, 
Equation (81, agrees with numerical solution to within 1%. As 
v * 00, Equation (8) valid for @,,, > 3. r) corresponding to limits of 

validity is plotted versus V. 
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which permits compact gtaphical representation of the 
results because solutions fdr q have common asymptotes 
(for all v )  at high and low kalues of m. This approach has 
been followed by Moo-You@g and Kobayashi (1972) in an 
analysis which included vatious kinetic expressions typical 
of enzymatic reactions. Fort the present problem, they sug- 
gested the following empidical approximation in terms of 
the general modulus m: 

701 .t Y1' 
l f v  

9"- 

where 

* ( m >  1) 

The largest deviation betyeen q calculated from Equation 
(10) and from the numyrical solution was found to be 
0.089 at  m = 1, and v = 0.2. Kobayashi and Laidler 
(1973) subsequently emtloyed Equation (10) in devel- 
oping several approximate procedures for evaluating in- 
trinsic kinetic parameters, Horvath and Engasser ( 1973) 
used the general modulds in treating irreversible Mich- 
aelis-Menten kinetics in spheres and spherical shells. Fink 
et al. (1973) have analytzed the same problem for slabs, 
cylinders, and spheres iq the presence of external mass 
transfer resistances but with a different modulus. We have 
retained the use of +,,t arid v because they permit separa- 
tion of concentration- and nonconcentration-dependent 
parameters; the same approach was taken recently by 
Thomas et al. (1972) aad by Marsh et al. (1973). 

The limiting behavior of r)  when v-I (the dimensionless 
surface substrate concentration) is large or small will be 
of subsequent interest. When Y-1 is small compared to 
unity, one finds by expansion of Equation (8) : 

- 

so that the asymptotic expression for a first-order reaction 
is recovered in the limit 

1 
& 

- 
lim 7)= lim T I = -  (14) 

v-1-0 +m+ a 

where the first-order rate constant is given by Vm/Km. 

Conversely, when V-1 is much greater than unity, q is 
given approximately by the expression for a zero-order 
reaction 

e 

which is valid for +mv1/2 > f l ( 7 0  = 1 for +mV1f2 4 a, 
While the zero- and first-order expressions have been used 
for convenience in seyeral recent analyses (Van Duijn 
et al., 1967; Goldman et al., 1968; Sundaram et aI., 1970; 
Rony, 1971; Kasche et al., 1971; Bfaedel et al., 1972; 
Lasch, 1972; Vieth et al., 1973; Condo et al., 1973), it 

will be seen that the use of the full exmession for n. 
- 

Equation (8), is more desirable than eithir of Equations 
(14) or (15). 
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LINEWEAVER-BURK PLOTS 

Equation (6) can be rearranged into a form suitable for 
plotting on Lineweaver-Burk coordinates of reciprocal ob- 
served reaction rate vs. reciprocal surface concentration : 

1 l + v  
(16) 

We first consider cases for which the asymptotic solu- 

tion 7) N 7) is valid. A combination of Equations (8) and 
(16) yields 

-_-- 1 - K m  1 +--- - 
vobs l l v m  ss 7 v m  q V m  

- 
1 -=- +??I [ Y - 1 -  ln(1 + v-1 

cobs f l v m  

which is clearly nonlinear. The shape of the curve on 
Lineweaver-Burk coordinates can be ascertained by ex- 
amination of the second derivative: 

The right hand side of Equation (18) is always negative 
for all positive values of Y. Thus, a Lineweaver-Burk plot 
is always concave to the l/ss axis in the region where 
Equation (18) is valid. The magnitude of the curvature 
is dependent upon v, +m, Km,  and Vm. 

When v - I  is small with respect to unity, Equations 
( 13) and (16) may be combined to give 

-N-  1 4 m  (.++) 
robs v m  

which, on Lineweaver-Burk coordinates, is the equation 
for a straight line with a slope of +mKm/Vm and extrap- 
olated intercept on the ordinate of &/3Vm. If mass 
transfer effects were absent and Equation (1) were valid 
for V&s, the slope would be Km/Vm and the intercept 
1Nm. With decreasing V-1 the plot becomes indistin- 
guishable from that expected for first-order kinetics at 
large +m: 

(20) 
lim -- 1 4 J m  = -- y 

v-40vobs v m  

wherein the slope remains the same as in Equation (19), 
but the intercept is now zero. 

At the other extreme, when v-I >> 1, Equations (15) 
and (16) provide the result expected for zero-order ki- 
netics: 

In this region, the curvature of the Lineweaver-Burk plot 
reaches its maximum value: 

v--3/2 

(22) V m  d2(VoJt) N--  

+mKm2 d(Ss- ' ) '  - 4 f l  

We therefore conclude that the expected concave curva- 
ture of a Lineweaver-Burk plot for immobilized enzymes 
is associated with the influence of diffusional limitations 
on the zero-order character of Michaelis-Menten kinetics. 

The slope at any point on a Lineweaver-Burk plot with 
r) less than unity is greater than that in the complete ab- 
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TABLE 1. PARAMETER VALUES FOR NUMERICAL EXAMPLE 

I I I 

s,x104 (moI/Iiter)  lo^ 'YO '1.0 3i0 2i0 1.7 l.:5 3 
Q 

SOLUTION - 

LINEAR ASYMPTOTE 
FON 119) \ :: 3 

2 

_".. . \ ,*,  

FIRST- ORDER 
KIN ETl CS I 

; O ' c l N U M E R I C A L  */Z,,' SOLUTION 
L 

0-  

0 F i ; ; A ; b ; b i l L '  
,0 

10-7s~  (mol/liter)-' 

Fig. 2. Lineweaver-Burk plot calculated with parameters in Table I .  
Maximum u _N 3. 

NUMERICAL '1 SOLUTIO? KINETICS 
EQN. (21) 

sence of mass transfer effects, as shown by comparison of 
Equations (1) and (16).  As u - l  increases at  constant +m, 

a region must be reached where Equation (8) no longer 
holds, the effectiveness factor approaches unity, and the 
curve becomes asymptotic to the line which corresponds 
to Equation (1). It  follows that near u = 0 there must be 
a region in which the Lineweaver-Burk plot is convex to 
the l/s, axis. 

Numerical Example 

A specific numerical example is presented in Figures 2 
and 3 which display all the characteristics that might be 
observed in a Lineweaver-Burk plot for an immobilized 
enzyme. The relevant parameters were chosen so as to be 
typical of a physically realizable system and are tabulated 
in Table 1. The results were generated using the numerical 
procedure of Roberts (1965) and the various analytical 
expressions described above. 

Figure 2 covers a range of relatively low surface sub- 
strate concentrations (minimum 10-~ M. v = 3 ) .  Over 
virtually the entire range plotted, the numerical solution 

Parameter Source 

L = 5.0 x lO-3cm 
K, = 3.0 x 1 0 - 4 ~  Barman, 1969' 
no = 2.07 x 10' mol product/( mol 

M = 6.5 x lo4 g/mol Barman, 1969* 
PE = 18.9 X lOW3genzyme/cm3 

Deff = 5.0 x 10-6cmz/s 

v, = - = 6.0 x 10-6 mol product/ 

enzyme-sec ) Lehninger, 1970' 

Pitcher, 1973' support 

PEnO 

M 
(s-om3 support) 

$,v = L(  Vm/KmDeff)"' = 10.0 

*Values of V m  and M are for a-phosphoglucomutase; Km is for 5- 
phosphoglucomutase; P E  is typical of currently attainable enzyme load- 
ing with porous glass supports. 

and asymptotic solution coincide. Except near the origin, 
diffusion limitations are significant, and the effectiveness 
factor is much less than unity. In the upper right-hand 
corner, the curve converges asymptotically towards the 
line given by Equation (19) ,  whereas agreement with the 
first-order approximation, Equation ( 2 0 ) ,  is relatively 
poor. The curve is apparently linear and well-represented 

by Equation (19) for u > 1. In the lower left-hand corner, 
the curve is clearly concave to the abscissa. 

The lower left-hand comer of Figure 2 is shown with 
an expanded scale in Figure 3. The curve is predominantly 
concave towards the abscissa with an inflection point 
where the numerical solution and asymptotic analytical 
solution diverge. The remainder of the curve at higher 
substrate concentration is convex as it asymptotically ap- 
proaches the straight line which corresponds to the ab- 
sence of diffusion limitations. The curve corresponding to 
zero-order kinetics shows only fair agreement with the 
numerical solution in the lower left-hand corner of the 

d 

plot. 

Generalized Coordinates 

Results of the numerical and asymptotic solutions are 
plotted on generalized Lineweaver-Burk coordinates, as 
suggested by the form of the asymptotic solution, in Fig- 
ures 4 and 5. These plots show clearly the relationship 
between regions of the +m - u plane which have linear, 
concave, or convex character. 

For 4 m  > 3 and u > 1, all plots lie on the asymptotic 
solution which is nearly linear. As u decreases, the curve 
becomes increasingly concave with respect to the abscissa 
until a value of u (shown in Figure 1) is reached where 
the true (numerical) solution peels off the asymptotic 
solution and the curve is convex. Maximum curvature, 
both concave and convex, is associated with large diffu- 
sional eRects (large + m )  and high surface substrate con- 
centration (low U )  . 

With decreasing +,n the curvature, first concave, then 

convex, disappears. For d m  < 0.5, 7 N 1.0, and linear 
Michaelis-Menten behavior is obtained. 

External Mass Transfer Resistance 

To this point, the problem has been cast in terms of a 
known surface substrate concentration ss. In many situa- 
tions, this is not directly measurable because of partition- 
ing and external mass transfer influences which can limit 
the observed rate of reaction (O"ei11, 1972). 

We consider an external concentration boundary layer, 
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Fig. 4. Lineweaver-Burt plots on generalized dimensionless coordi- 
natizs for qh 5. 

but the analysis is easily generalized to include a semi- 
permeable membrane. The steady state flux of substrate 
per unit area may be expressed by 

1 s  = k ( s b  - si) (23) 
where the mass transfer coefficient k is assumed constant 
over the surface of the porous medium. The surface sub- 
strate concentration is related to si by 

S, = Kp ~i (24) 
where the partition coefficient K p  is the equilibrium ratio 
at the membrane-solution interface of the substrate con- 
centration within the qembrane voids divided by the con- 
centration in the exteinal solution. Substrate flux is also 
given by 

1 s  = uobs L (25) 
Combination of Equations (23) through (25) leads to 

Equation (26) can be used with the relations developed 
above to calculate Lineweaver-Burk plots in terms of the 
measurable concentration sb. 

Figure 6 presents numerical examples of Lineweaver- 
Burk plots calculated for a wide range of mass transfer 
coefficients with all ather parameters the same as those 
listed in Table 1 and with K p  = 1.0. The curves are plotted 
over the region where! the asymptotic analytical solution is 
valid, and therefore the curve for infinite mass transfer co- 
efficient is concave td the abscissa. As the external mass 
transfer resistance indreases, the curvature decreases, and 
the curve for the lowest mass transfer coefficient is vir- 
tually linear. The curves have a qualitative similarity to 
the experimental ob$ervations reported in Figure 9 of 
Lilly and Sharp (1968) where decreasing agitation rate 
produced a more linear Lineweaver-Burk plot. 

AiChE Journal (Yol. 20, No. 3) 

DETERMINATION OF INTRINSIC KINETIC PARAMETERS 

The preceding results can be applied to evaluation of 
the intrinsic kinetic parameters V, and &. We assume 
that the intrinsic kinetics of all the immobilized enzyme 
follow the form of the irreversible Michaelis-Menten rate 
law with the same values of V, and K,; that Deff and K p  
can be measured independently by using established pro- 
cedures (Colton et al., 1971; Satterfield et al., 1973) 
under conditions such that the immobilized enzyme is 
inactivated or an essential cofactor is absent from the 
solution; and that experiments can be carried out in a 

0.05p’/;, ASYMPTOTIC , ’ ,  SOLUTION , , , 

0 
0 0.02 0.04 0.06 0.08 0.10 0.12 

K m  I/=- 
S S  

Fig. 5. Expanded plot of lower left-hand corner of Figure 4 for 
@?n 5. 

‘t 
01 1 1  1 I I I 1  i I i l J  
0 2 4 6 8 10 12 

Fig. 6. Effect of external mass transfer resistance of Lineweaver- 
Burk plots calculated with parometers in Table 1. 
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manner such that external mass transfer resistances are 
negligible or that they can be evaluated by standard tech- 
niques (Rovito and Kittrell, 1973; Satterfield, 1970), 
thereby permitting calculation of s, from known s b  by use 
of Equations (23) and (24). 

We discuss three straightforward approaches, which 
involve no approximations, for evaluation of V, and Km 
from initial rate measurements when diffusional effects are 
significant. All follow directly from the previous develop- 
ments. Where these approaches are limited by applica- 
bility of the asymptotic solution, it is useful for the ex- 
perimentalist to have a criterion of validity which con- 
tains only quantities that can be either measured directly 
or predicted. Such a criterion is provided by the dimen- 
sionless modulus (Wagner, 1943) 

- 
Q 
Q 

- x  
E 

Y 

which, for Michaelis-Menten kinetics, is also given by 
(Roberts and Satterfield, 1965) 

O E  

By use of the results in Figure 1 and Equation (28),  the 
criterion for validity of the asymptotic solution is found 

to be ~ P L  > 3. 
1. Lineweauer-Burk Plot. In view of the curvature dis- 

played by Lineweaver-Burk plots with immobilized en- 
zymes when mass transfer effects are significant, the 
rationale for their general use is questionable. However, 
when experimental conditions are such that the asymptotic 
solution is valid (Figure 1) and v > 1 ( v  >> 1 prefer- 
ably), a nearly linear plot results (Figures 2 and 4 )  from 
which the slope and extrapolated intercept provide esti- 
mates of V,, and K,. From Equation (19) one finds 

- 

Slope 
Intercept = 3K, (29) 

Substitution of K ,  thus evaluated into Equation (19) or 
the expression for the slope or intercept yields an estimate 
of v,. 

It must be cautioned, however, that an apparently linear 
Lineweaver-Burk plot does not by itself justify use of this 
approach, particularly when the experiments are carried 
out over a relatively narrow range of bulk substrate con- 
centrations. Radii of curvature, as shown by the examples 
in this study, are large, and therefore the nonlinearity may 
be obscured by moderate experimental scatter. The per- 
vasiveness of external mass transfer limitations will also 
tend to linearize Lineweaver-Burk plots. As a final pre- 
caution, it is apparent from Figure 2 that the estimate of 
the intercept will in general be rather sensitive to impre- 
cision in the data, and this can be expected to result in 
relatively large confidence intervals for the estimate of 
K m  and Vm. 

2.  Asymptotic Solution. Equation (17) may be written 
in the form 

Measurements of reaction velocity at two surface substrate 
concentrations under conditions where the asymptotic 
solution is valid therefore provide a means for implicit 
evaluation of K ,  (without prior knowledge of V,) from 

- 

\ - 

- 

3 -  
- 

- 

2 -  

/ NUMERICAL - 
SOLUTION 

ASYMPTOTIC _ _ _  
SOLUTION 

~ ~ ~ l " ~ " ' " ' ~ ' l " ' ~ i  I 2 3 4 5 
+m or @L 

Fig. 7. Dependence of Km(app)/Km on +m or *L. Km(app) i s  
defined as ss at which vobs = Vm/2.  On this plot, *L = LWm/ 

2 Deff sx. 

V m  can then be obtained explicitly from Equation (30). 
Alternatively, if V m  is evaluated by independent means 

(see below), K m  may be obtained from a single measure- 
ment by implicit solution of Equation (30).  The limitation 
of asymptotic solution validity can be circumvented 
through use of the empirical function of Atkinson and 
Daoud (1968), or, if moderate inaccuracy can be toler- 
ated, Equation (10). In any event, the insensitivity of 
the ratio expressed by Equation (31) to substrate con- 
centration makes difficult the precise evaluation of K, by 
this approach from experiments for which v << 1. 

3. Apparent Km. A recent recommendation (Sundaram 
et al., 1972) suggests reporting data in terms of Km(app) 
which is defined as the substrate concentration that glves 
a reaction velocity corresponding to one-half V, (app) . 
We assume here that Vm(app) is the same as V,, an in- 
dependent estimate of which must be obtained experi- 
mentally. Equation (6)  then may be written as 

1 +  
K m  (app) 

The value of 4, for which Equation (32) is satisfied can 
be determined from the numerical and asymptotic solu- 
tions (for example, Figures 4 and 5 )  by substituting 
Km/Km(app) for v. The results are shown in Figure 7. 
Given a measurement of K, (app) , Figure 7 may be used 
to find the value of K ,  which places the calculated 
Krn (app) / K m  and +m on the curve (or by implicit evalua- 
tion of the asymptotic solution where applicable). 

Figure 7 also presents a plot of K, (app) / K m  as a func- 
tion of QL. The latter was calculated from Equation (28) 
with v - l  replaced by K,(app)/K,, with uobs = Vm/2 ,  
and with the corresponding values of and 4,. This curve 
permits direct evaluation of K, from a measurement of 
Km(  app) without need for iterative calculations. 

In principle, V ,  may be estimated by making reaction 
rate measurements over a range of relatively high sub- 
strate concentrations (provided substrate inhibition is ab- 
sent) and extrapolating to infinite substrate concentration 
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on Lineweaver-Burk cooIjdinates. However, this procedure 
presents difficulties wheq 4, is large. Figure 5 shows the 
abrupt change in slope’which occurs in the shift from 
concave to convex curvakure. Clearly, accurate evaluation 
of V, requires that measurements be made in the convex 
portion of the curve, that is, very low values of v in the 
region where the asymlbtotic solution is not valid. Sub- 
strate solubility may limit the extent to which this re- 
quirement can be achieved. 
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NOTATION 

Deff = effective substrate diffusivity in porous matrix, 
cm2/s 

1, = substrate flux per unit external surface area of 
support, mol/qn2-s 

K,  = Michaelis constant, mol/liter 
K ,  (app) = apparent Michaelis constant, equal to s, when 

Ic, 
k 
L 
M 
m 

no 

~ o b s  = Vm/2 
= partition Coefficient, equal to sJsi at equilibrium 
= interphase masg: transfer coefficient, cm/s 
= slab or membrane thickness, cm 
= enzyme molecular weight, g/mol 
= dimensionless general modulus, defined by Equa- 

= enzyme turnover number, mol product/mol en- 
tion (9) 

zyme-s 
= substrate concentration, mol/liter 
= bulk substrate concentration, mol/liter 
= substrate concentration in external solution at 

= substrate concentration in membrane voids at 

= maximum reaction velocity at enzyme saturation, 

= reaction velocity, mol product/cm3-s 
= observed reaction velocity, mol product/cm3-s 

= observed reaotion velocity predicted by asymp- 

= longitudinal distance from membrane surface, cm 
= dimensionless distance, x / L  

interface, mol/liter 

interface, molAiter 

p ~ n o / M ,  mol poduct/cm3-s 

totic expressian, Equation (17) 

Greek Letters 
effectiveness factor ( dimensionless) 
effectiveness factor for zero-order kinetics 
effective factor for first order kinetics 
parameter defined by Equation (11) 
parameter defined by Equation (12) 

effectiveness factor predicted by asymptotic ex- 
pression, Equation (8) 
dimensionlesd Michaelis constant, K m / s s  
volumetric density of immobilized enzyme, g 
enzyme/cm3 
dimensionles3 substrate concentration, s/s, porous 
support 
dimensionless modulus, defined by Equation (27) 
modified dimensionless Thiele modulus L [V,/ 
KmDeftl 
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Effect of Phase-Volume Ratio and 
Phase-Inversion on Viscosity of 
Microemulsions and Liquid Crystals 

Microemulsions, which are optically transparent oil-water dispersions, 
were spontaneously produced upon mixing hexadecane, hexanol, potassium 
oleate, and water in specific proportions. The viscosity of the microemul- 
sions was measured for several water/oil ratios including the phase-inver- 
sion region. The striking optical and viscosity changes observed at specific 
water/oil ratios were in agreement with the proposed mechanism of phase- 
inversion, namely, water spheres + water cylinders + water lammellae 
+ continuous water phase, for this system. In  the phase-inversion region, the 
dispersion exhibited birefringence and rheopectic properties. An extremely 
high viscosity (> 100,000 cps) exhibited by the dispersions between water/ 
oil ratios of 2.0 and 3.5 were explained in terms of ion-dipole association 
between oleate and hexanol molecules on adjacent droplets. 

SCOPE 
Microemulsions which are optically transparent isotropic 

oil-water dispersions can be formed spontaneously by 
using a combination of emulsifiers. Such oil-in-water or 
water-in-oil microemulsions consist of droplets 100-600 
A in diameter. The objectives of the present study were 
to elucidate the effect of oil/water ratio and phase-inver- 
sion phenomenon on the viscosity of these dispersions 
and to correlate the changes in viscosity with the struc- 
tural changes in the dispersions. 

Since microemulsions form spontaneously and exhibit 
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low viscosity, they have been considered promising for 
secondary and tertiary recovery in oil-fields (Gogarty and 
Tosch, 1968; Hill et al., 1973; Pursley et  al., 1973). The 
phase-inversion region exhibits birefringence indicating 
structural anisotropy of the system. Previous studies from 
this laboratory have established that the phase-inversion 
region consists of liquid-crystalline structures. The rheo- 
logical properties of microemulsions and liquid-crystal- 
line systems are of considerable interest to investigators 
in the areas such as microdispersions of drugs, cosmetics, 
paints, and reactions in which the rate is dependent upon 
the interfacial area since the microemulsions and liquid- 
crystaIline systems offer the maximal surface/volume ratio 
in oil-water-surfactant systems. 
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